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Abstract
Let R be a commutative ring with A(R) its set of ideals with nonzero annihi-
lator. In this paper and its sequel, we introduce and investigate the annihilating-
ideal graph of R, denoted by AG(R). It is the (undirected) graph with vertices
A(R)∗ := A(R) \ {(0)}, and two distinct vertices I and J are adjacent if and only
if IJ = (0). First, we study some finiteness conditions of AG(R). For instance, it
is shown that if R is not a domain, then AG(R) has ACC (resp., DCC) on vertices
if and only if R is Noetherian (resp., Artinian). Moreover, the set of vertices of
AG(R) and the set of nonzero proper ideals of R have the same cardinality when
R is either an Artinian or a decomposable ring. This yields for a ring R, AG(R)
has n vertices (n ≥ 1) if and only if R has only n nonzero proper ideals. Next,
we study the connectivity of AG(R). It is shown that AG(R) is a connected graph
and diam(AG)(R) ≤ 3 and if AG(R) contains a cycle, then gr(AG(R)) ≤ 4. Also,
rings R for which the graph AG(R) is complete or star, are characterized, as well
as rings R for which every vertex of AG(R) is a prime (or maximal) ideal. In Part
II we shall study the diameter and coloring of annihilating-ideal graphs.
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1
0. Introduction
In the literature, there are many papers on assigning a graph to a ring,
a group, semigroup or a module (see for example [1-11,13-17]). In fact,
the concept of the zero divisor graph of a commutative ring R was first
introduced by Beck [6], where he was mainly interested in colorings. In his
work all elements of the ring were vertices of the graph. This investigation
of colorings of a commutative ring was then continued by Anderson and
Naseer in [2]. Let Z(R) be the set of zero-divisors of R. In [3], Anderson and
Livingston associate a graph, Γ(R), to R with vertices Z(R)\{0}, the set of
nonzero zero-divisors of R, and for distinct x, y ∈ Z(R) \ {0}, the vertices x
and y are adjacent if and only if xy = 0. In [18], Sharma and Bhatwadekar
define another graph on R, G(R), with vertices as elements of R, where
two distinct vertices a and b are adjacent if and only if Ra + Rb = R (see
also [15], in which, the notion of “comaximal graph of commutative rings”
is investigated). Recently Anderson and Badawi in [4] have introduced and
investigated the total graph of R, denoted by T (Γ(R)). It is the (undirected)
graph with all elements ofR as vertices, and for distinct x, y ∈ R, the vertices
x and y are adjacent if and only if x+ y ∈ Z(R).
In ring theory, the structure of a ring R is closely tied to ideal’s behavior
more than elements’, and so it is deserving to define a graph whose vertices
are ideals instead of elements.
Throughout this paper R will be a commutative ring with identity. We
denote the set of all proper ideals of R by I(R). We name an ideal I of R, an
annihilating-ideal if there exists a nonzero ideal J of R such that IJ = (0),
and use the notation A(R) for the set of all annihilating-ideals of R. Also
Spec(R), Max(R) and J(R) denote the sets of prime ideals, maximal ideals
and the Jacobson radical of R, respectively.
In this paper, we define annihilating-ideal graph of R, denoted by AG(R),
as a graph with vertices A(R)∗ = A(R)\ {(0)}, where distinct vertices I and
J are adjacent if and only if IJ = (0). We investigate the interplay between
the graph-theoretic properties of AG(R) and the ring-theoretic properties of
R. In Section 1, we study some finiteness conditions of annihilating-ideal
graphs. For instance, it is shown that if R is not a domain, then AG(R) has
assenting chain condition (ACC) (resp., descending chain condition (DCC))
on vertices if and only if R is a Noetherian (resp., an Artinian) ring. Also,
it is shown that AG(R) has n vertices (n ≥ 1) if and only if R has only n
nonzero proper ideals. These facts motivates us to the following conjecture:
for a non-domain ring R, the set of vertices of AG(R) and the set of nonzero
proper ideals of R have the same cardinality. The conjecture above is true
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for all Artinian rings as well as all decomposable rings (see Proposition 1.3
and Proposition 1.6).
Recall that a graph G is connected if there is a path between every two
distinct vertices. For distinct vertices x and y of G, let d(x, y) be the
length of the shortest path from x to y and if there is no such path we
define d(x, y) = ∞. The diameter of G is diam(G) = sup{d(x, y) :
x and y are distinct vertices of G}. The girth of G, denoted by gr(G), is
defined as the length of the shortest cycle in G and gr(G) =∞ if G contains
no cycles. A graph in which each pair of distinct vertices is joined by an
edge is called a complete graph. Also, if a graph G contains one vertex to
which all other vertices are joined and G has no other edges, is called a
star graph. In Section 2, the connectivity of the annihilating-ideal graphs
are studied. It is shown that for every ring R, AG(R) is a connected graph
and diam(AG)(R) ≤ 3, and if AG(R) contains a cycle, then gr(AG(R)) ≤ 4.
Also, rings R for which the graph AG(R) is a complete (or star) graph are
characterized, as well as rings R for which every vertex of AG(R) is a prime
(or maximal) ideal. In part II we shall continue the study of this construc-
tion via diameter and coloring.
1. Finiteness conditions of annihilating-ideal graphs
For a ring R, soc(R) is the sum of all minimal ideals of R (if there
are no minimal ideals, this sum is defined to be zero). Also, if X is an
element or a subset of a ring R, we define the annihilator of X in R by
Ann(X) = {r ∈ R | rX = (0)}. An ideal I of a ring R is called an annihi-
lator ideal if I = Ann(x) for some x ∈ R. Also, for a set A we denote the
cardinal number of A by |A|.
Let R be a ring. We say that the annihilating-ideal graph AG(R) has
ACC (resp., DCC) on vertices if R has ACC (resp., DCC) on A∗(R).
Theorem 1.1. Let R be a non-domain ring. Then AG(R) has ACC (resp.,
DCC) on vertices if and only if R is a Noetherian (resp., an Artinian) ring.
Proof. Suppose that AG(R) has ACC (resp., DCC) on vertices. Let 0 6=
x ∈ Z(R) and P = Ann(x). Then
{I : I E R, I ⊆ Rx}
⋃
{I : I E R, I ⊆ P} ⊆ A(R).
It follows that the R-modules Rx and P have ACC (resp., DCC) on sub-
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modules i.e., Rx and P are Noetherian (resp., Artinian) R-modules. Since
Rx ∼= R/P , by [19, Proposition 7.17], R is a Noetherian (resp., an Artinian)
ring. The converse is clear. 
In view of above theorem and Cohen’s theorem, one may naturally ask,
when Spec(R) ∩ A(R)∗ 6= ∅ and every prime ideal P ∈ A(R)∗ is finitely
generated, is R Noetherian? The answer is no! The following example gives
a non-Noetherian ring R for which every prime vertex of AG(R) is finitely
generated.
Example 1.2. Let K be a field and D := K[{xi : i ∈ Z}]. The domain
D is a unique factorization domain and Q = x1D is a principal height one
prime of D. Let R := D/x21D and P0 := Q/x
2
1D. Then P0 is a prime ideal
of R with P 20 = (0). Thus P0 ∈ AG(R) and P0 ⊆ P for every P ∈ Spec(R).
Moreover, x21D is a Q-primary ideal of D. It follows that the zero ideal
of R is P0-primary. Hence IJ = (0) in R with I 6= (0) and J 6= (0), im-
plies both I and J are contained in P0 = Q/x
2
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D. Therefore, P0 = Z(R)
is a cyclic ideal and Spec(R)∩A(R)∗ = {P0}, but R is not a Noetherian ring.
The following proposition shows that rings R for which every nonzero
proper ideal I of R is a vertex of AG(R) are abundant.
Proposition 1.3. Let R be an Artinian ring. Then every nonzero proper
ideal I of R is a vertex of AG(R).
Proof. Let R be an Artinian ring. Then each maximal ideal has a nonzero
annihilator (since each is also a minimal prime, and a minimal prime in
a Noetherian ring always has a nonzero annihilator). Thus every nonzero
proper ideal I of R is a vertex of AG(R). 
The following result shows that the set of all rings for which the annihilating-
ideal graphs are finite coincides with the set of all (Artinian) rings with only
finitely many proper ideals. Moreover, for a ring R, the graph AG(R) has n
vertices (n ≥ 1) if and only if R has only n nonzero proper ideals.
Theorem 1.4. Let R be a ring. Then the following statements are equiva-
lent.
(1) AG(R) is a finite graph.
(2) R has only finitely many ideals.
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(3) Every vertex of AG(R) has finite degree.
Moreover, AG(R) has n (n ≥ 1) vertices if and only if R has only n nonzero
proper ideals.
Proof. (1) ⇒ (2). Suppose that AG(R) is a finite graph with n (n ≥ 1)
vertices. Then by Theorem 1.1, R is an Artinian ring. Now by Proposition
1.3, every nonzero proper ideal I of R is a vertex of AG(R). Thus |I(R)∗| = n
i.e., R has only n nonzero proper ideals.
(2)⇒ (3). Clear.
(3)⇒ (1). Suppose that every vertex of AG(R) has finite degree, but AG(R)
is an infinite graph. Let I = Rx be a vertex of AG(R) and J = Ann(I).
If the set of R-submodules of I (resp., J) is infinite, then J (resp., I) has
infinite degree, a contradiction. Thus the set of R-submodules of I and J
are finite and hence I and J are Artinian R-module. Now, since I ∼= R/J ,
R is an Artinian ring. Thus by Proposition 1.3, every nonzero proper ideal
of R is a vertex of AG(R). We consider the following 2 cases:
Case 1: R is a local ring. Since I has finite number of R-submodules, R has
a minimal ideal, say Rx0. Let P = Ann(x0). Then P is the maximal ideal
of R and so every proper ideal of R is contained in P . This implies that
Rx0 is adjacent to all other vertices of AG(R). Since Rx0 has finite degree,
AG(R) is a finite graph.
Case 2: R is not local. Suppose that R = R1 × R2 where R1 and R2 are
nonzero rings. Then for each ideal I of R1 the vertex I × (0) of AG(R) is
adjacent to (0)×R2. Thus the set of ideals of R1 is finite. Similarly, the set
of ideals of R2 is finite. This implies that the set of ideals of R is finite, i.e.,
AG(R) is a finite graph.
Finally, by Proposition 1.3, we conclude that AG(R) has n (n ≥ 1) vertices
if and only if R has only n nonzero proper ideals. 
We have not found any examples of a non-domain ring R such that
|A∗(R)| < |I∗(R)|. The lack of such counterexamples, together with the fact
that |A∗(R)| = |I∗(R)| where R is an Artinian ring (see Proposition 1.3 and
Theorem 1.4) or R is a decomposable ring (see Proposition 1.6), motivates
the following fundamental conjecture:
Conjecture 1.5. Let R be a non-domain ring. Then the set of vertices of
AG(R) and the set of nonzero proper ideals of R have the same cardinality.
Proposition 1.6. The Conjecture 1.5 is true for each decomposable ring R.
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Proof. Suppose that R = R1 ×R2. If both R1 and R2 are Artinian i.e., R
is an Artinian ring, then by Proposition 1.3, the proof is complete. Thus we
can assume that R1 is not Artinian and so the set of nonzero proper ideals
of R1 is infinite. Clearly, every ideal of R is of the form I1× I2 where I1 and
I2 are ideals of R1 and R2, respectively. Note that |I(R1) × I(R2)| equals
max{|I(R1)|, |I(R2)|}. Also every ideal of the form I × (0) or (0)× J , where
I is an ideal of R1 and J is an ideal of R2, is a vertex of AG(R). Clearly
|{I × (0) : I ∈ I(R1)}| = |I(R1)| and |{(0) × J : J ∈ I(R2)}| = |I(R2)| and
hence
|A(R)| ≥ max{|I(R1)|, |I(R2)|} = |I(R1)| × |I(R2)| = |I(R)|.
On the other hand |A(R)| ≤ |I(R)|. It follows that |A(R)∗| = |I(R)∗|. 
The following result shows that if every nonzero proper ideal of a Noethe-
rian ring R is a vertex of AG(R), then R is a semilocal ring (i.e., R has only
finitely many maximal ideals).
Proposition 1.7. Let R be a Noetherian ring. If all nonzero proper ideals
of R are vertices of AG(R), then R is a semilocal ring.
Proof. Suppose that {Pn | n ∈ N} are distinct maximal ideals of R.
Then by our assumption, Ann(Pn) 6= (0) for each n ≥ 1. It follows
that for each n there exists xn ∈ R such that Pn = Ann(xn). Thus for
each n, xn is in every maximal ideal Pk for k 6= n. By ACC, the chain
Rx1 $ Rx1 + Rx2 $ · · · $ Rx1 + · · · + Rxn $ · · · must stabilize, and each
step is proper since P1∩P2∩· · ·∩Pk is the annihilator of x1R+x2R+· · ·+xkR
for each k. Therefore, R has only finitely many maximal ideals, i.e., R is
semilocal. 
The following result shows that for each Noetherian ring R, if R is not
a domain, then at least one of the vertices of AG(R) is a prime ideal.
Proposition 1.8. Let R be a Noetherian ring. Then either A(R)∗ = ∅ or
Spec(R) ∩ A(R)∗ 6= ∅.
Proof. Assume A(R)∗ 6= ∅ i.e., R is not a domain. Clearly, the set of all
annihilators of nonzero elements of R is a subset of A(R)∗. On the other
hand by our hypothesis there exists an annihilator ideal P of R which is
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maximal among all annihilators of nonzero elements of R. Now by [13,
Theorem 6], P is a prime ideal. Since R is not a domain, P 6= (0) and so
P ∈ Spec(R) ∩ A(R)∗. 
The following example shows that the Noetherian hypothesis is needed
in Proposition 1.8.
Example 1.9. LetK be a field, D := K[{xi : i ∈ N}] (a unique factorization
domain) and R = K[{xi : i ∈ N}]/({x2i : i ∈ N}). Let x¯i = xi+({x
2
i : i ∈ N})
for each i ∈ N and M = ({x¯i : i ∈ N}). The ideal M is simply the image
of the maximal ideal N = ({xi : i ∈ N}) of D. Moreover N is the radi-
cal of J = ({x2i : i ∈ N}). Thus R is a local zero-dimensional ring (but
is not Noetherian). For each xi, the conductor of xi into J is the height
one (principal) prime xiD (since xi is an irreducible=prime element of D).
Thus viewed as an element of R, the annihilator of xi is xiR. Obviously⋂
xiD = (0) and this implies
⋂
xiR = (0). Hence Ann(M) = (0). Thus
Spec(R) ∩ A(R)∗ = ∅. 
We need the following two lemmas.
Lemma 1.10. Let R be a ring and P be a maximal ideal such that P ∈
A(R)∗. Then P = Ann(x) for some 0 6= x ∈ R.
Proof. Let P ∈ A(R)∗ be a maximal ideal of R. Then there exists
I ∈ A∗(R), such that IP = (0). Let 0 6= a ∈ I. Then aP = (0) and so
P ⊆ Ann(a). Since P is maximal, P = Ann(a). 
Lemma 1.11. Let R be a ring such that R is not a field. Then for each
minimal ideal I of R, I and Ann(I) are vertices of AG(R).
Proof. Suppose that I is a minimal ideal of R. Since R is not a field,
I 6= R. Now by Brauer’s Lemma (see [13, 10.22]), either I2 = (0) or I = Re
for some idempotent 1 6= e ∈ R. If I2 = (0), then I is a vertex of AG(R). If
I2 = Re, then R = Re⊕R(1− e). Clearly ReR(1− e) = (0) and so Re is a
vertex of AG(R). 
Proposition 1.8, is not true in general, if we replace Spec(R) withMax(R).
For instance, if R = Z×Z, though R has ACC on its ideals and A(R)∗ 6= ∅,
we have Max(R) ∩ A(R) = ∅. In the following result we characterize all
non-domain rings R for which Max(R) ∩ A(R) 6= ∅.
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Proposition 1.12. Let R be a non-domain ring . Then Max(R)∩A(R)∗ 6=
∅ if and only if soc(R) 6= (0).
Proof. Suppose that P ∈ Max(R) ∩ A(R)∗. Then by Lemma 1.10, P =
Ann(x) for some 0 6= x ∈ R. Since R/P ∼= Rx, Rx is a minimal ideal of
R, i.e., soc(R) 6= (0). Conversely, suppose that soc(R) 6= (0) and I is a
minimal ideal of R. Then I = Rx for some x ∈ I. Since R/Ann(x) ∼= Rx
and Rx is a minimal ideal of R, Ann(x) is a maximal ideal of R and so
Max(R) ∩ A(R)∗ 6= ∅. 
We conclude this section with the following result, that gives us a char-
acterization for rings R for which every nonzero proper cyclic ideal I of R
is a vertex of AG(R). The proof is trivial and left to reader.
Proposition 1.13. Let R be a ring. Then very nonzero proper cyclic ideal
of R is a vertex of AG(R) if and only if every element in R is a unit or a
zero-divisor.
2. Connectivity of the annihilating-ideal graphs
By Anderson and Livingston [3, Theorem 2.3], for every ring R, the zero
divisor graph Γ(R) is a connected graph and diam(Γ(R)) ≤ 3. Moreover,
if Γ(R) contains a cycle, then gr( Γ(R)) ≤ 4 (see [16]). These facts later
were developed by Behboodi [8] for modules over a commutative ring, by
Redmond [17], for the undirected zero-divisor graph of a non-commutative
ring and by Behboodi and Beyranvand [7] for the strong zero divisor graphs
of non-commutative rings. Here we will show that these facts are also true
for the annihilating-ideal graph of a ring.
Let S be a commutative multiplicative semigroup with 0 (0x = 0 for all
x ∈ S). The zero-divisor graph of S (denoted by Γ(S)) is a graph whose
vertices are the nonzero zero-divisors of S, with two distinct vertices a, b
joined by an edge in case ab = 0. In [11, Theorem 1.2 ], it is shown that
Γ(S) is always connected, and diam(Γ(S)) ≤ 3. Next, we use this to obtain
the same result for the annihilating-ideal graph of a ring.
Theorem 2.1. For every ring R, the annihilating-ideal graph AG(R) is con-
nected and diam(AG(R)) ≤ 3. Moreover, if AG(R) contains a cycle, then
gr(AG(R)) ≤ 4.
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Proof. Let R be a ring. Clearly, the set S := A(R) is a commutative semi-
group under multiplication and also AG(R) = Γ(S). Thus by [11, Theorem
1.2 ], AG(R) is a connected graph and diam(AG(R)) ≤ 3.
Now, suppose that AG(R) contains a cycle, and let C := I1−−− ...−−−In−−−I1
be a cycle with the least length. If n ≤ 4, we are done. Otherwise, we have
I1 ∩ I4 6= (0). We need only consider 3 cases:
Case 1: I1 ∩ I4 = I1. Then I1I3 ⊆ I4I3 = (0) and I1 −−− I2 −−− I3 −−− I1 is
a cycle, a contradiction. The case I1 ∩ I4 = I4 is similar.
Case 2: I1 ∩ I4 = I2. Then I2 ⊆ I1, I2In = (0) and so I2−−− ...−−− In−−− I2
is a cycle with length n−1, a contradiction. The case I1∩ I4 = I3 is similar.
Case 3: I1 ∩ I4 6= I1, I2, I3, I4. Then we have I2(I1 ∩ I4) = (0) , I3(I1 ∩ I4) =
(0), and I2 −−− (I1 ∩ I4)−−− I3 −−− I2 is a cycle, a contradiction.
Thus n ≤ 4, i.e., gr(AG(R)) ≤ 4. 
Next, we characterize all rings R for which the graph AG(R) has a vertex
adjacent to every other vertex. Then we apply this to characterize rings R
for which the graph AG(R) is complete or star.
Theorem 2.2. Let R be a ring. Then there is a vertex of AG(R) which is
adjacent to every other vertex if and only if either R = F ⊕D, where F is
a field and D is an integral domain, or Z(R) is an annihilator ideal.
Proof. (⇒). Suppose that Z(R) is not an annihilator ideal and the ver-
tex I0 ∈ A∗(R) is adjacent to every other vertex. Let 0 6= a ∈ I0. Then
Ra is also adjacent to every other vertex. Now a 6∈ Ann(a) = I, for oth-
erwise Z(R) would be an annihilator ideal. If Rb is a nonzero ideal of R
such that Rb $ Ra, then Rb is also adjacent to every other vertex and also
RbRb ⊆ RbRa = (0). Hence for each x ∈ Z(R), Rx is a vertex of AG(R)
and (Rx)(Rb) = (0) i.e., Z(R) = Ann(b), a contradiction. Thus Ra is a
minimal ideal of R with (Ra)2 6= (0). Thus by Brauer’s Lemma (see [13,
10.22]), Ra = Re for some idempotent e ∈ R. So R = Re ⊕ R(1 − e) and
hence we may assume that R = R1 × R2 with R1 × (0) adjacent to every
other vertex. For each 0 6= c ∈ R1, R1c × (0) is an annihilating-ideal of
R. If R1c 6= R1, then (R1 × (0))(R1c × (0)) = (0) × (0), i.e., cR1 = (0), a
contradiction. Thus R1 must be a field. If R2 is not an integral domain,
then there is a nonzero b ∈ Z(R2). Then R1 × R2b is an annihilating-ideal
of R which is not adjacent to R1 × (0), a contradiction. Thus R2 must be
an integral domain.
(⇐). If R = F ⊕D, where F is a field and D is an integral domain, then
F×(0) is adjacent to every other vertex. If Z(R) = Ann(x) for some nonzero
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x ∈ R, then Rx is adjacent to every other vertex. 
Next, we characterize reduced rings R for which the annihilating-ideal
graph AG(R) is a star graph.
Corollary 2.3. Let R be a reduced ring. Then the following statements are
equivalent.
(1) There is a vertex of AG(R) which is adjacent to every other vertex.
(2) AG(R) is a star graph.
(3) R = F ⊕D, where F is a field and D is an integral domain.
Proof. (1)⇒ (3). Suppose there is a vertex of AG(R) which is adjacent to
every other vertex. If Z(R) = Ann(x) for some 0 6= x ∈ R, then x2 = 0 and
so x = 0, since R is reduced. Thus by Theorem 2.2, R = F ⊕D, where F is
a field and D is an integral domain.
(3) ⇒ (2). Let R = F ⊕ D, where F is a field and D is a domain. Then
every nonzero ideal of R is of the form F ⊕ I or (0)⊕ I where I is a nonzero
proper ideal of R. By our hypothesis, and since AG(R) is connected, we
don’t have any vertices of the form F ⊕ I, such that I 6= (0). Also F ⊕ (0)
is adjacent to every other vertex, and since D is a domain, non of the ideals
of the form (0)⊕ I can be adjacent to each other. So AG(R) is a star graph.
(2)⇒ (1) is clear. 
Corollary 2.4. Let R be a Artinian ring. Then there is a vertex of AG(R)
which is adjacent to every other vertex if and only if either R = F1 ⊕ F2,
where F1, F2 are fields, or R is a local ring with nonzero maximal ideal.
Proof. (⇒). Assume there is a vertex of AG(R) which is adjacent to every
other vertex. Then by Theorem 2.2, either R = F ⊕D, where F is a field
and D is an integral domain, or Z(R) is an annihilator ideal. Since R is Ar-
tinian, if R = F ⊕D, then D is an Artinian domain and so D is also a field.
Thus R = F1 ⊕ F2, where F1, F2 are fields. If Z(R) is an annihilator ideal,
then Z(R) is the set of all non-unit elements of R (since R is Artinian). It
follows that every maximal ideal of R is contained in Z(R), i.e., R is local
with maximal ideal M = Z(R).
(⇐). If R = F1 ⊕ F2, where F1, F2 are fields, then the graph AG(R) is
a connected graph with two vertices F1 × (0) and (0) × F2. Assume that
R is an Artinian local ring with nonzero maximal ideal M . Then for each
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minimal ideal I of R, Ann(I) = M , and hence I is a vertex of AG(R) which
is adjacent to every other vertex. 
To have a better characterization for an Artinian ring with star annihilating-
ideal graph, we need the following Lemma.
Lemma 2.5. Let R be an Artinian ring such that AG(R) is a star graph.
Then either R = F1 ⊕ F2, where F1, F2 are fields, or R is a local ring with
nonzero maximal ideal M with M4 = (0).
Proof. Let R be an Artinian ring such that AG(R) is a star graph. Then
by Theorem 2.4, either R = F1 ⊕F2, where F1, F2 are fields, or R is a local
ring with nonzero maximal ideal M . If R = F1 ⊕ F2, there is nothing to
prove. Suppose R is a local ring with nonzero maximal ideal M . Since R is
Artinian, there exists an integer n ≥ 1 such that Mn = (0) and Mn−1 6= (0).
Clearly Mn−1I ⊆Mn−1M = (0), for each ideal I of R. Hence Mn−1 is ad-
jacent to every nonzero ideal I of R. If n > 4, then M2 and Mn−2 will be
adjacent, a contradiction. Thus M(R)4 = (0). 
Theorem 2.6. Let R be an Artinian ring. Then AG(R) is a star graph if
and only if either R = F1 ⊕ F2, where F1, F2 are fields, or R is a local ring
with nonzero maximal ideal M and one of the following cases holds.
(i) M2 = (0) and M is the only nonzero proper ideal of R.
(ii) M3 = (0), M2 is the only minimal ideal of R and for every distinct
proper ideals I1, I2 of R such that M
2 6= Ii (i = 1, 2), I1I2 = M
2.
(iii) M4 = (0), M3 6= (0) and A∗(R) = {M,M2,M3}.
Proof. (⇒). By Lemma 2.5, either R = F1 ⊕ F2, where F1, F2 are fields,
or R is a local ring with nonzero maximal ideal M such that M4 = (0).We
proceed by the following cases:
Case 1: M2 = (0). It follows that M is the vertex adjacent to all other ver-
tices. Assume there are more than one nonzero proper ideals. Then there
are nonzero elements x, y ∈M with xR 6= yR. Since AG(R) is a star graph
and M2 = (0), either xR = M or yR = M . Without loss of generality we
can assume that yR = M . Thus xR $ M = yR and hence x = yr for some
r ∈ R. Since xR 6= yR, r is not a unit element of R and so r ∈M . It follows
that x = 0, a contradiction. Thus M is the only nonzero proper ideal of R.
Case 2: M3 = (0) and M2 6= (0). Clearly M2 is the vertex adjacent to all
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other vertices. Suppose that I is a minimal ideal of R such that I 6= M2.
Since Ann(I) = M , I is also adjacent to all other vertices, a contradic-
tion. Thus M2 is the only minimal ideal of R. Now we assume that I1,
I2 are distinct proper ideals of R such that M
2 6= Ii (i = 1, 2). Clearly,
I1I2 ⊆ M2. On the other hand I1I2 6= (0) (since AG(R) is a star graph).
Hence I1I2 = M
2.
Case 3: M4 = (0) and M3 6= (0). Since AG(R) is a star graph and R is local,
then clearly the center of the star must be a nonzero principal ideal. In the
case M3 6= M4 = (0), this ideal must be M3. Since M2 %M3, there are ele-
ments a, b ∈M \M2 such that ab ∈M2 \M3. Then abM2 = (0), so the star
shaped assumption yields M2 = abR. If a2 ∈ M3, then (Ra)(abR) = (0),
contradicting the star shaped assumption. Hence M2 = a2R. Another ap-
plication of the star shaped assumption yields a3 6= 0. So M3 = a3R. For
c ∈M \M2, ca2 ∈ a3R \{0}. From this point an elementary argument puts
c ∈ aR. Hence M = aR and A∗(R) = {M,M2,M3}.
(⇐) is clear. 
Now we are in position to characterize rings with complete annihilating-
ideal graphs.
Theorem 2.7. Let R be a ring. Then AG(R) is a complete graph if and
only if R is one of the following three types of rings:
(1) R = F1 ⊕ F2 where F1, F2 are fields,
(2) Z(R) is an ideal of R with Z(R)2 = (0), or
(3) R is a local ring with exactly two nonzero proper ideals Z(R) and Z(R)2.
Proof. Assume that R is a ring for which AG(R) is a complete graph. Then,
by Theorem 2.2, either R = F ⊕D, where F is a field and D is an integral
domain, or Z(R) is an annihilator ideal. Suppose that R = F ⊕ D, where
F is a field and D is an integral domain. If D has a nonzero proper ideal
I, then (0) ⊕D and (0) ⊕ I are vertices of AG(R) which are not adjacent,
a contradiction. Thus D doesn’t have any nonzero proper ideal and so it is
a field. Let Z(R) be an ideal of R. A trivial case is Z(R)2 = (0)(6= Z(R)),
so assume not and let x, y ∈ Z(R) \ {0} be such that xy 6= 0. Then it
must be that xR = yR with x2 6= 0 6= y2. If z ∈ Z(R) \ {0} is such that
zR 6= xR, then xz = 0 and either (x + z)R 6= zR or (x+ z)R 6= xR. If the
latter, 0 = x(x+ z) = x2 + xz = x2, a contradiction. Thus (x+ z)R = xR,
z ∈ xR and z2 = 0 (using 0 = z(x + z) = z2). Therefore xR = Z(R) with
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x3 = 0(6= x2), and x2R = Z(R)2 is the only other nonzero ideal of R. The
converse is clear. 
Remark 2.8. Let R be a ring. In [3, Theorem 2.8], it is shown the zero
divisor graph Γ(R) is a complete graph if and only if either R = Z2 ⊕ Z2 or
Z(R) is an ideal of R and Z(R)2 = (0). Thus by above theorem if Γ(R) is
a complete graph, then AG(R) is also a complete graph, but the converse is
not true even if Z(R) is an ideal of R. For example, for the ring Zp3 , where
p is a prime number, AG(R) is a complete graph but Z(R)2 6= (0) and so
Γ(R) is not a complete graph.
To close above discussions, we ascertain all rings their annihilating-ideal
graphs have less than four vertices.
Corollary 2.9. Let R be a ring. Then
(a) AG(R) is a graph with one vertex if and only if R has only one nonzero
ideal.
(b) AG(R) is a graph with two vertices if and only if R = F1 ⊕ F2, where
F1, F2 are fields or R is an Artinian local ring with exactly two nonzero
proper ideals Z(R) and Z(R)2.
(c) AG(R) is a graph with three vertices if and only if R is an Artinian
local ring with exactly three nonzero proper ideals Z(R), Z(R)2 and
Z(R)3.
Proof. (a) By Theorem 1.4 is clear.
(b) Suppose that AG(R) is a graph with two vertices. Since AG(R) is con-
nected, then AG(R) is a complete (or star) graph. Thus by Theorem 2.6(i)
and Theorem 2.7, R should be of the form F1 ⊕ F2, or it should be a local
ring with exactly two ideals Z(R) and Z(R)2. The converse is clear.
(c) Suppose that AG(R) is a graph with three vertices. Then by Theorem
1.4, R is an Artinian ring with exactly three nonzero proper ideals. Since
AG(R) is connected, either it is a complete or a star graph. If AG(R) is
a complete graph, Theorem 2.7, implies that Z(R) is an ideal of R with
Z(R)2 = (0). If Z(R) = pR for some p ∈ R, then for each z ∈ Z(R) such
that zR 6= pR, z = pr for some non-unit element R. Since Z(R)2 = (0),
z = 0 and so Z(R) is the only nonzero proper ideal of R, a contradiction.
Thus Z(R) is not principal. Let I and J be two nonzero proper ideals of
R such that I, J $ Z(R) and I 6= J . Then for each 0 6= z ∈ Z(R), ei-
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ther Rz = I or Rz = J . It follows that Z(R) = I
⋃
J . Since Z(R) is an
ideal, Z(R) = I or Z(R) = J , a contradiction. Thus AG(R) is a star graph.
By Theorem 2.6, either Z(R)3 = (0), Z(R)2 6= (0) and R has exactly one
nonzero proper ideal I such that Z(R)2 $ I $ Z(R) or R has exactly three
nonzero proper ideals Z(R), Z(R)2 and Z(R)3. In the first case, if Z(R) is
not principal, then for each 0 6= z ∈ Z(R), either zR = I or zR = Z(R)2, i.e,
Z(R) = I
⋃
Z(R)2, a contradiction. Thus R is local with principal maximal
ideal Z(R) = pR such that p2 6= p3 = 0. Let z ∈ Z(R) such that zR 6= Z(R).
Then z = pr for some non-unit element r ∈ R (i.e, r ∈ Z(R)). Therefore
zp2 = 0, and since AG(R) is a star graph, zR = p2R. Thus p2R is the only
other nonzero proper ideal of R, a contradiction. Thus R has exactly three
nonzero proper ideals Z(R), Z(R)2 and Z(R)3. The converse is clear. 
A natural question one may ask is “what will happen if all vertices of
AG(R) are prime (resp., maximal) ideals of R”. That is, what we answered
below, in Theorem 2.10. In fact, we characterize all rings satisfy this condi-
tions.
Theorem 2.10. Let R be a ring such that R is not a domain. If every
vertex of AG(R) is a prime ideal of R (i.e. A∗(R) ⊆ Spec(R)), then either
either R = F1⊕F2 for a pair of fields F1 and F2 or R has only one nonzero
proper ideal.
Proof. Let R be a ring such that R is not a domain, and suppose that
A∗(R) ⊆ Spec(R)). First, if z is a nonzero zero divisor, then Q = zR is a
prime ideal. If Q = Q2, then can assume z = z2. The ideal N = (1 − z)R
must be a prime as well. Neither Q nor N can have proper subideals. Hence
in this case R = F1 ⊕ F2 for fields F1 and F2. The other possibility is that
x2 = 0 for all nonzero x ∈ Z(R). As xR has to be prime, xR = Z(R) must
be the only nonzero proper ideal. [For r ∈ R \Z(R), rxR = xR which leads
to r being a unit.]. 
The following is now immediate.
Corollary 2.11. Let R be a ring such that it is not a domain. Then the
following statements are equivalent.
(1) A(R)∗ ⊆Max(R), i.e., every vertex of AG(R) is a maximal ideal of R.
(2) A(R)∗ = Max(R).
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(3) A(R)∗ = Spec(R).
(4) A(R)∗ ⊆ Spec(R).
(5) Either R = F1 ⊕ F2, where F1, F2 are fields, or R has only one nonzero
proper ideal.
Note: In Part II we shall continue the study of this contraction.
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